The ground states of two types of distorted mixed diamond chains with spins 1 and 1/2 are investigated using exact diagonalization, DMRG, and mapping onto low-energy effective models. In the undistorted case, the ground state consists of an array of independent spin-1 clusters separated by singlet dimers. The lattice distortion induces an effective interaction between cluster spins. When this effective interaction is antiferromagnetic, several Haldane phases appear with or without spontaneous translational symmetry breakdown (STSB). The transition between the Haldane phase without STSB and that with (n + 1)-fold STSB (n = 1, 2, and 3) belongs to the same universality class as the (n + 1)-clock model. In contrast, when the effective interaction is ferromagnetic, the quantized and partial ferrimagnetic phases appear with or without STSB. An effective low-energy theory for the partial ferrimagnetic phase is presented.
Introduction
Quantum magnetism in frustrated spin systems is a rapidly developing field of condensed matter physics.
1, 2)
At first glance, one would expect that geometrical frustration enhances quantum fluctuation and drives an ordered state into a disordered state. However, recent progress in this field of physics has shown that this simple intuition is not always valid and that geometrical frustration induces a variety of exotic quantum phenomena, which are not easily predicted. Under an appropriate condition, it even stabilizes an unexpected magnetic long range order such as the frustration-induced ferrimagnetic and spin nematic orders.
To understand magnetism under the interplay of geometrical frustration and quantum fluctuation, it is desirable to begin with typical spin models with exact solutions. Among them, there exist a class of models whose ground states are exactly written down as spin cluster solid (SCS) states because of frustration. A SCS state is a tensor product state of exact local eigenstates of cluster spins. Well-known examples are the Majumdar-Ghosh model 3) whose ground state is a prototype of spontaneously dimerized phases in one-dimensional frustrated magnets 4) and the Shastry-Sutherland model 5) which corresponds to the material SrCu 2 (BO 3 ) 2 .
6, 7) In these models, the spin clusters are singlet dimers.
The diamond chain is another frustrated spin chain with exact SCS ground states. The lattice structure is shown in Fig. 1 . In a unit cell, there are two kinds of nonequivalent lattice sites occupied by spins with magnitudes S and τ ; we denote the set of magnitudes by (S, τ ). One of the authors and coworkers 8, 9) introduced this * E-mail address: hida@phy.saitama-u.ac.jp † Present address: Department of Physics, College of Humanities and Sciences, Nihon University, Setagaya-ku, Tokyo 156-8550 S τ τ Fig. 1 . Structure of the diamond chain. Spin magnitudes in a unit cell are indicated by S and τ ; we denote the set of magnitudes by (S, τ ). The PDC is the case of S = τ , while the MDC is the case of S = 2τ with an integer or half-odd integer τ .
lattice structure and generally investigated the case of (S, S), i.e., the pure diamond chain (PDC). Any PDC is shown to have at least one exact SCS ground-state phase where each spin cluster has spin 0. Particularly, in the case of (1/2, 1/2), they determined the full phase diagram of the ground state by combining rigorous arguments with numerical calculations. After that, Niggemann et al. 10, 11) argued about a series of diamond chains with (S, 1/2). As for the special case of (1/2, 1/2), they reproduced the results of ref. 9 .
The mixed diamond chain (MDC) is defined as a diamond chain with (S, S/2) for the integer S.
12) The special case of (1, 1/2) was first investigated by Niggemann et al. 10, 11) They considered it as one of the series of models with (S, 1/2). Recently, extensive investigation on the MDC has been carried out by the present authors.
12-14)
The MDC is of special interest among diamond chains, because only the MDC has the Haldane phase in the absence of frustration, so that we can observe the transition from the Haldane phase to a SCS phase induced by frustration. In contrast, diamond chains of other types have ferrimagnetic ground states for weak frustration.
The features common to all types of diamond chains are their infinite number of local conservation laws and more than two different types of exact SCS ground states that are realized depending on the strength of frustration. For example, S = 1/2 PDC has a nonmagnetic phase accompanied by spontaneous translational symmetry breakdown (STSB) and a paramagnetic phase without STSB. This model also has a ferrimagnetic ground state in the less frustrated region. 9) On the other hand, the MDC with spins 1 and 1/2 has 3 different paramagnetic phases accompanied by STSB and one paramagnetic phase without STSB. This model also has a nonmagnetic Haldane ground state in a less frustrated region. 10, 12) The SCS structures of the ground states are also reflected in characteristic thermal properties, as reported in ref. 13 .
Modifications of the PDC and MDC have been examined by many authors. Among them, the spin 1/2 PDC with distortion has been thoroughly investigated by numerical methods. [15] [16] [17] It is found that azurite, a natural mineral, consists of distorted PDCs with spin 1/2 and that the magnetic properties of this material have been experimentally studied in detail. 18, 19) Other materials have also been reported. 20, 21) The diamond chain is one of the simplest models compatible with the 4-spin cyclic interaction. The effects of this type of interaction on PDC have recently been investigated by Ivanov et al.
22) The present authors also investigated the MDC with bond-alternating distortion and found an infinite series of ground states with STSB. 14) In addition, as reviewed in ref. 14, the MDC is related to other important models of frustrated magnetism such as the dimerplaquette model, [23] [24] [25] [26] [27] [28] frustrated Heisenberg ladders, 29) hybrid diamond chains consisting of Heisenberg bonds and Ising bonds, 30, 31) and an Ising model on a hierarchical diamond lattice. 32) Among them, the dimer-plaquette chain with ferromagnetic interplaquette interaction reduces to the MDC in the limit of strong interplaquette interaction.
28)
Thus far, in spite of the theoretical relevance of the MDC, no materials described by the MDC have been found. Nevertheless, synthesizing MDC materials is not an unrealistic expectation in view of the success of the synthesis of many low dimensional bimetallic magnetic compounds 33) and organic magnetic compounds. 34) In general, it is natural to expect that the lattice is possibly distorted in real MDC compounds as in azurite. From this viewpoint, it is important to present theoretical predictions on the ground state of distorted MDCs to widen the range of candidate materials of MDC and to raise the possibility of their synthesis.
We begin by classifying the distortion patterns by the normal modes of each diamond unit. Excluding two translations and one rigid body rotation, we have 5 normal modes as depicted in Fig. 2 within the diamond plane. A distorted MDC may be realized as a result of the collective softening of these normal modes. In particular, the distortion patterns in (a) and (b) break the local conservation laws that hold in the undistorted MDC. Hence, these distortions induce effective interactions between the cluster spins in the whole lattice, and may form novel exotic phases. We investigate these interesting cases in the present paper. In what follows, we name The distortion pattern in Fig. 2(c) is of another interest, since it induces the bond alternation in the undistorted MDC without breaking the local conservation laws. This case has been investigated separately and published in a previous paper.
14)
This paper is organized as follows. In §2, the Hamiltonians for the MDCs with the type A and type B distortions are presented, and the structure of the ground states of the MDC without distortion is summarized. The ground-state phases for the MDC with the type A distortion are discussed in §3, and those for the MDC with the type B distortion are discussed in §4. The last section is devoted to summary and discussion.
Hamiltonian
The MDCs with the type A and type B distortions are described, respectively, by the following Hamiltonians:
where S l is the spin-1 operator, and τ (1) l and τ (2) l are the spin-1/2 operators in the lth unit cell. The parameter δ A (δ B ) represents the strength of type A (type B) distortion, and is taken to be nonnegative without spoiling generality. The number of unit cells is denoted by N , and then the total number of sites is 3N . We will consider these systems in the large N limit. For δ A = 0 and δ B = 0, both eqs. (1) and (2) reduce to the undistorted MDC Hamiltonian,
with the composite spin operators T l ≡ τ
l . Before going into the analysis of the distorted MDC, we briefly summarize the ground-state properties of the Hamiltonian (3) with T l = 0 is called a dimer. A cluster including n successive T l = 1 pairs bounded by two T l = 0 pairs is called a cluster-n. The cluster-n is equivalent to an antiferromagnetic spin-1 Heisenberg chain of length 2n+1 with open boundary condition. Since a cluster-n is decomposed into a sublattice consisting of n + 1 sites with S l 's and that consisting of n sites with T l 's, the ground states of a cluster-n are spin triplet states with total spin unity on the basis of the Lieb-Mattis theorem. 35, 36) This implies that each cluster-n carries a spin-1 in its ground state.
(ii) There appear 5 distinct ground-state phases called dimer-cluster-n (DCn) phases with n = 0, 1, 2, 3, and ∞. The DCn state is an alternating array of dimers and cluster-n's. The phase boundary λ c (n, n ′ ) between DCn and DCn ′ phases are
where λ c (0, 1) is obtained analytically and other values are calculated numerically.
(iii) In the DC∞ ground state realized for λ < λ c (3, ∞), T l = 1 for all l. This state is not accompanied by STSB and is equivalent to the Haldane state of an antiferromagnetic spin-1 Heisenberg chain with infinite length.
(iv) Each of the DCn states with 0 ≤ n ≤ 3 realized for λ > λ c (3, ∞) is a uniform array of cluster-n's with a common value of n and dimers in between. In the DCn phase with 1 ≤ n ≤ 3, (n + 1)-fold STSB takes place. In the DC0 phase, no translational symmetry is broken.
In what follows, we numerically examine various aspects of the type A and type B distortion effects on the MDC. Because the DC3 phase is only realized within a very narrow interval of λ, it is difficult to analyze the effect of distortion numerically in this phase. Hence, we do not consider the DC3 phase in the following numerical analysis.
Ground-State Properties of the MDC with Type A Distortion

Weak distortion regime
We now inspect the nature of the effective interaction between two cluster-n's separated by a dimer consisting of τ
in the presence of the weak type A distortion. For δ A > 0, S l (S l+1 ) tends to be antiparallel to τ
l ), as is known from Fig. 3(a) . The spins τ
(1) l and τ (2) l are antiparallel to each other because they form a singlet dimer. Therefore, S l and S l+1 tend to be antiparallel to each other. In each cluster-n, the number of spins S l 's is larger than the number of composite spins T l 's by one. Hence, from the Lieb-Mattis theorem, 35) the total spin of the ground state of the cluster-n points to the same direction as the S l 's belonging to that cluster-n. Therefore, the total spins of the cluster-n's on both sides of the dimer also tend to be antiparallel to each other. Thus, the effective coupling between the spins of neighboring cluster-n's is antiferromagnetic. This physical argument will be numerically ensured below.
In general, the interaction between two spins with a magnitude of 1 is the sum of bilinear and biquadratic terms. Therefore, the effective Hamiltonian for clustern's in the phase that continues to the DCn phase in the limit of δ A → 0 is written as
whereŜ i is the total spin of the i-th cluster-n with a magnitude of 1, N c is the total number of cluster-n's, and J eff and K eff are effective coupling constants. From symmetry consideration, the signs of δ A does not affect the sign of the effective coupling constants. Hence, these coupling constants are of the order of δ 2 A for small δ A . We numerically calculated the ground-state energy of a pair of cluster-n's with total spin S tot , and compared it with the corresponding eigenvalues of H eff (i, i + 1). Then we confirmed that J eff /δ Fig. 4 for three phases (n=0, 1, and 2), which will be explained below.
Because the effective coupling constants satisfy 0 < K eff /J eff < 1, the ground state is the Haldane state for K. Hida, K. Takano, and H. Suzuki small δ A . 37) In the Haldane state, each spin-1 degree of freedom is carried by a cluster-n rather than by a single spin. We call the state the Haldane DCn (HDCn) state. In the HDCn state with n ≥ 1, the (n + 1)-fold translational symmetry is spontaneously broken unlike the conventional Haldane state without STSB. Both the HDC0 state for λ > λ c (0, 1) and the HDC∞ state for λ < λ c (3, ∞) are the Haldane states without STSB. In particular, the HDC∞ state continues from the Haldane state (DC∞ state) of the undistorted MDC mentioned in §2. 
Connection to the strong distortion regime
In the strong distortion regime of δ A → 1 and small λ, the three spins τ form a singlet cluster. Hence, the ground state is a state with spin gap and without STSB. This nature is common to the HDC0 and HDC∞ phases in §3.1. Furthermore, the HDC∞ state is transformed into the HDC0 state only by rearranging two valence bonds within each diamond unit, as shown in Figs. 5(a) and 5(e). Therefore, the strong distortion, HDC0, and HDC∞ regimes are considered to be different parts of a single phase. The continuity of the three regimes will be confirmed by the numerical analysis discussed in §3. 3 . In what follows, we call this phase the uniform Haldane (UH) phase as a whole.
Numerical phase diagram
Under the periodic boundary condition, even in the parameter region where STSB takes place, the ground state of a finite chain is a superposition of the symmetrybroken states, and the translational symmetry is recovered. Under the open boundary condition, however, one of the symmetry broken states is selected by the boundary effect. Therefore, we employ the DMRG calculation with the open boundary condition to determine the phase diagram for finite δ A . The DMRG calculation is carried out using the finite-size algorithm up to 288 sites keeping 200 states in subsystems. We calculate the ground-state expectation values T 2 l and define the effective spin magnitude T l on the l-th diagonal bond by Fig. 6 in each phase. With the increase in δ A , the translational symmetry is recovered as expected. For finite δ A , the ground-state phase is identified from the periodicity in the oscillation of T l . In the HDCn phase, the values of T l follow the sequence
Thus, we define the order parameter of the HDCn phase by ∆T = T L − T S . In DMRG, ∆T is measured at the sites closest to the center of the chain. The valence bond structures for the HDCn phases as well as the UH phase are shown in Fig. 5 . We see the translational invariance of period n + 1 in the HDCn ground state in contrast to the period-1 invariance in the UH ground state. Hence, the Z n+1 STSB takes place at the HDCn-UH phase boundary. We expect that this transition belongs to the 2-dimensional (n + 1)-clock model universality class. The system size dependence of ∆T for λ = 2.85 is shown in Fig. 7(a) around the HDC1-UH phase boundary. Here, the data are plotted against N −β/ν with the order parameter critical exponent β = 1/8 and the correlation length critical exponent ν = 1 for the two-dimensional Ising universality class. This shows that the critical value of δ A lies between 0.0304 and 0.0308. A similar plot is shown in Fig. 7(b) for λ = 2.62 around the HDC2-UH phase boundary, assuming the critical exponents of two-dimensional 3-clock model (equivalently 3-state Potts model 38) ) with β = 1/9 and ν = 5/6. This shows that the critical value of δ A lies between 0.00822 and 0.00826. The critical points at other values of λ are determined similarly. The results are shown in the phase diagram of Fig. 8 . The error bars are within the size of the symbols.
To confirm the consistency of the universality class, the finite size scaling plot for the order parameter ∆T is carried out. According to the scaling hypothesis, the δ A dependence of the order parameter ∆T of the finite size systems near the critical point should obey the finite size scaling law 39) ∆T Fig. 9(a) ) and 0.008248 (Fig. 9(b) ) are chosen so that all data fall on a single universal scaling curve as well as possible. These plots are consistent with the expected universality class.
The critical behavior at the HDC1-UH transition in our model should be compared with that of the S = 1 bilinear-biquadratic chain at the Takhtajan-Babujian point. 40, 41) Both transitions are accompanied by Z 2 -STSB which contributes to the conformal charge by 1/2. For the HDC1-UH transition in our model, the rearrangement of valence bonds take place only within each diamond unit, as shown in Fig. 5(a) and 5(b) . In contrast, in the S = 1 bilinear-biquadratic chain, the spins belonging to disconnected clusters in the dimer phase are connected by the valence bonds in the Haldane phase, as shown in Fig. 10 . Apart from Z 2 -STSB, this is similar to the Gaussian criticality of the Haldane-dimer transition in the spin-1 alternating bond Heisenberg chain that contribute to the conformal charge by 1. [42] [43] [44] Therefore, the S = 1 bilinear-biquadratic chain at the TakhtajanBabujian point is described by the conformal field theory with c = 1/2 + 1 = 3/2, while the HDC1-UH transition in our model is described by the c = 1/2 Ising conformal field theory.
Ground-State Properties of the MDC with Type B Distortion
In the case of type B distortion, the effective interaction between the spins of two cluster-n's separated by the dimer consisting of τ (1) l and τ (2) l is ferromagnetic, because both S l and S l+1 tend to be antiparallel to τ
l . Therefore, we expect the ferrimagnetic ground state with spontaneous magnetization quantized as m = 1/(n + 1) per unit cell for small δ B in the range λ c (n, n + 1) < λ < λ c (n − 1, n). We call this phase a ferrimagnetic DCn phase (FDCn phase). In contrast, the ground state for λ < λ c (3, ∞) will remain in the Haldane phase, since a nonmagnetic gapped phase is generally robust against a weak distortion. For finite δ B , we determined the groundstate phase diagram by the numerical diagonalization for the system size 3N = 18, as shown in Fig. 11 . Among system sizes tractable by numerical diagonalization, only this size of 3N = 18 is compatible with all the groundstate structures with n = 0, 1, and 2. As expected, the FDCn phases with m = 1/(n + 1) are found for these values of n.
By inspecting numerical data for the 3N = 18 system, we also find other narrow ferrimagnetic phases between the FDCn and FDC(n + 1) phases with n = 0, 1, and 2, although they are too narrow to be shown in Fig. 11 . In order to investigate these phases in detail, we employ the DMRG calculation for 3N = 72 keeping 120 states in each subsystem. Typical examples of the λ dependence of spontaneous magnetization are shown in Fig. 12 (a) for δ B = 0.2 and Fig. 12 (b) for δ B = 0.6. Between the FDCn and FDC(n + 1) phases with n = 0, 1, 2, we find the partial ferrimagnetic phase in which the spontaneous magnetization varies continuously with λ. The ferrimagnetic phase of this kind has been found in various frustrated one-dimensional quantum spin systems. [45] [46] [47] [48] [49] [50] [51] In contrast, between the nonmagnetic phase and the FDC3 phase, we find no partial ferrimagnetic phase for small δ B .
This can be understood as follows: At λ = λ c (n, n+1), the cluster-n and cluster-(n + 1) can coexist. As stated above, it is physically evident that the effective magnetic interaction between the clusters is ferromagnetic. Therefore, we can restrict the states of each cluster to the maximally polarized ground state withŜ z i = 1. Hence, the ground state of the whole chain is described by specifying the arrangement of cluster-n's and cluster-(n + 1)'s. We map the two possible values of the length of i-th cluster, n i = n and n i = n + 1, to two possible values of the spin-1/2 pseudospin, σ 
Therefore, the ground-state magnetization per unit cell m is given by
The bracket · · · represents the ground-state expectation value. In the presence of δ B , the length of neighboring clusters can exchange through a second order process in δ B . This corresponds to the spin exchange in terms of pseudospins. In this case, the interaction between the pseudospins is approximated by the spin-1/2 XXZ Hamiltonian
up to the second order in δ B . Here, further neighbor interactions are neglected. We estimate the effective exchange constants by comparing the energy spectrum of the pair Hamiltonian H XXZ (i, i + 1) with that of the corresponding pair of clusters as follows:
The details of the calculation are explained in Appendix. In all cases (i) ∼ (iii), we find that the effective coupling constants satisfy the inequality −|J
As is well known, the ground state of the spin-1/2 XXZ chain in this parameter regime is nonmagnetic and gapless in the absence of a magnetic field. Roughly speaking, ∆λ ≡ λ − λ c (n, n + 1) corresponds to the effective magnetic field h eff conjugate to the total pseudospin i σ z i , because the increase in λ favors cluster-n over cluster-(n + 1); however, this correspondence should not be taken literally. A more precise argument is also given in Appendix. When ∆λ takes a large negative value, the pseudospins are fully polarized downward to give σ On the other hand, the magnetization jumps from 0 to 1/4 at the phase boundary between the Haldane phase and the FDC3 phase for small δ B . At this phase boundary, no finite size clusters coexist with cluster-3. Therefore, no pseudospin degrees of freedom can be defined. Consequently, no partial ferrimagnetic phase can be realized. In contrast, for larger values of δ B , we numerically find a partial ferrimagnetic phase between the FDC3 and UH phases. This would be ascribed to the contribution of other finite-length clusters with low lying energies which come into play through higher-order processes in δ B .
Summary and Discussion
We introduced two types of distortion, type A and type B, into the MDC with spins 1 and 1/2, and investigated the ground-state phases. The phase diagrams are characteristic of the type A and type B distortions, respectively. For the type A distortion, the effective interaction between the cluster spins is antiferromagnetic with bilinear and biquadratic terms. The numerically estimated values of the effective couplings show that the DCn ground states are transformed into the HDCn ground states. The order parameters characterizing the HDCn phases are defined and the UH-HDCn phase boundaries are determined using the DMRG data. From the valence bond structure of each phase, we expect that the UH-HDCn phase transition belongs to the universality class of the 2-dimensional (n + 1)-clock model. The finite size scaling plot of the order parameter is consistent with this identification. For the type B distortion, the effective interaction between the cluster spins is ferromagnetic. In addition to the FDCn phases with quantized spontaneous magnetization m = 1/(n + 1), the partial ferrimagnetic phases are also found numerically between the FDCn and FDC(n + 1) phases. A physical interpretation of the partial ferrimagnetic phase is given for small δ B by mapping onto an effective pseudospin-1/2 XXZ chain.
Generally, the introduction of lattice distortion into a physical model increases the possibility that a corresponding material is realized. In the MDC, there are three types of distortion modes affecting the exchange interactions. Among them, the two types investigated in the present paper are of generic nature, because the local conservation laws that hold in the undistorted MDC are broken. This suggests that the observation of the exotic phenomena predicted in the present paper is possible even if the corresponding material is not exactly described by the model Hamiltonians (1) and (2) .
If a distorted MDC material is synthesized, the distortion may be controlled by, e.g., applying pressure. If the distortion is of type A, the Curie constant vanishes as the DCn ground state turns into one of the HDCn ground states. The magnetic susceptibility and magnetic specific heat will have an activation-type temperature dependence with activation energy proportional to the effective coupling between the cluster spins, which is of the order of δ A 2 . These HDCn phases are not realized if the distortion δ A exceeds ∼ 0.03 even in the most robust case of n = 1. In a real material, the STSB in the valence bond structure manifests itself as a magnetic superstructure. It is also possible that it is accompanied by a lattice superstructure of corresponding periodicity if the spin-lattice coupling is present. Therefore careful measurements of magnetic and lattice superstructures would help with the observation of HDCn phases with 1 ≤ n ≤ 3.
On the other hand, if the distortion of the material is of type B, the ground sate is ferrimagnetic. At low but finite temperatures, however, the spontaneous magnetization vanishes owing to the one-dimensionality. As a precursor of ordering at T = 0, the low-temperature magnetic susceptibility should diverge as T −2 with a coefficient proportional to the effective coupling∼ δ B 2 between the cluster spins. [52] [53] [54] This means that even a weak magnetic field of the order of H ∼ T 2 /δ B 2 derives the finite-temperature magnetization up to the value of the ground-state spontaneous magnetization. This enables the experimental estimation of the spontaneous magnetization in real materials. The quantized ferrimagnetic behavior should be observed for wide ranges of the parameters λ and δ B as shown in Fig. 11 , and should be easily observed if an appropriate material is synthesized. The partial ferrimagnetic phases are limited to narrow intervals of the parameters δ B and λ. Therefore, these can only be observed as a temperature-independent crossover between two quantized ferrimagnetic behaviors with careful exclusion of the thermal effect.
We have demonstrated that various exotic ground states and phase transitions between them are realized in the distorted MDC with spins 1 and 1/2, which has a strong frustration. The physical pictures of these phenomena have become clear. This is made possible because the ground state of the undistorted MDC is known exactly. Therefore, we expect that our model may provide a means of understanding the similar exotic phenomena realized owing to the interplay of spin ordering, quantum fluctuation, and strong frustration in more general frustrated quantum chains on a firm ground. For example, partial ferrimagnetic phases are found in various onedimensional frustrated quantum spin models. [45] [46] [47] [48] [49] [50] [51] However, some of them are only numerically confirmed and no physical explanation has been given so far. We hope that the present study paves the way to the general understanding of these partial ferrimagnetic states.
We thank J. Richter for drawing our attention to ref. Minimizing this with respect to σ with fixed N , we find
where ∆λ = λ − λ c (n, n + 1; δ B ) and λ c (n, n + 1; δ B ) is defined by (n + 2)E G (n; λ c , δ B ) − (n + 1)E G (n + 1; λ c , δ B ) = 0.
To simplify the calculation, we replace ǫ XXZ (σ) by the ground-state energy of the spin-1/2 XY chain ǫ XY = −(J 
This relation is plotted in Fig. A·1 for n = 0, 1 and 2. It is clear that σ continuously increases from −1/2 to 1/2 with an increase in λ.
